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Ahtrt-W dentie .a swttehed output teedleack controil
law btr the OMS o wroud orkr linear qwtin oh1 rlabtive
degree two whiteh taxitniies a quantlt that Measures the
rate ol convi gtue< of the s ttt IralectoricO to tlhe origin
Afrek ptrmidimg at tinali ldd nilion 1i the rute ol conveigmee
and formuilatiing an infittite hiriin opttmiiation problerm, we
explore a corresponding linife hotou polei tbr the siKeuik
cast wher the plant is a douile integratoi c>(P) =
and tise qualitatie infirmationt ahunt the hehaotI thIe
optiinia stt trajectiS t derive a control lawir the
corresponding otlinite horiAn pirntet. We then deerive an
ptiaoAl coutnJller for a gneral Seottd order plant i relative

degree iwoih rmlating it to the doubte integea case study
through approptjrate transfotmations. W cotn nde with a
design example.

I. NTRODUCTIO0N

SLtsi i/a i i of continuoin time systrisiit hybrttd Icedw
bhak (in whiih aIoitcntillcr which po sessexs both cofitinuons
aidt dicsltct dynatnics is ttnipyiec) s a probieln that tlias
rcdeiced inicl altetittOn in the rcOnt lit ratli A\rNti n tirxl
taticd this qucstitn via cxkepksI I Litsyn cIt a shlw in
1.31 hatht tic Ii ar sy scii

ia- + BIt Cs (I1

witO A B) reahable and (C A) obervable can t ta
b ctlwe t ia a Iybi tfedback cOntlller which use a

umitabltc ninier of dfiscete states andi no continuous
states)i A natural question arisc as to wh etier a Ibybfid
lccedtbck contioller can be desigceid whieh utg a fine
nutoet ol states inste i Ilu t at first gave a parlta aI wer
to this qut stion if secoid 6MirsIsten in 4J bhsid ipton
the eonic swit hiug lawns i61 aid [8H.

II tnur prtot wo k [5 , we provide n eessary adsntlfieint
cOnlditions ontihe sta,iziability of the systemi describcd by
NtLln uidneer die Ic eback cotivitr taw u a) (;OCa
ln Ei. 1.it Is ci tid orid The main tesult, tep ate

hcre tg as lollows
ihtrta ii C(nsidser the Systein I rt wll t

It B tIend C e Hl x wher aeithCr( bririts
idet tically ( Dcitte theItroot Wits i1 this ysteti ttbo Ithtc
icius of 6igenvAluts of6 AkB( as k varies cintinuously
Over I Tbet ksatly incte1' the Iolluwiti slatements is
treU

T)lihe systotl is st tic outut tedbclick stahbiliz4ibl
2 The systom is Mtot StAtic tultput febdck stQhilitAblh

bht it has ioM Ot§ whIich takes on cotiplex Values
fir sorne valuots Ik ( R and t tabiltiablelbNh
conitl law te (il oli the killjo>w txlit

V 32I ) { b
U I)uX1sr (I

ull.1 t 0 30;

Witht E = 0. Wh te q s tdIe Sotle stable tea
cigenvctiv rttf theimattix A + kA BC" atd Whiet k
tschxsen sutcn lIat Che eigenvaltes ot +ABC arte

citiitXpleS.
3) I he yxteim haIs t reotioCus which is real I-or al11 v lues

cit A E U arel is notab itable by cettrol of Ic t mi
u a r ( V G i ifr any chtit ci aX 4 ;).

Whien it is postiblde the abov re sult pOcvides a con-
xnelive ixticbthOi tf dcoIigning A stabilititt cont lter Whith
initlenerts ltther MattCe r swileheed cuttpit teedback hotw-

cri the icsult is ntit discriiiinaittory in the sense IIhat if
a given secondi oder sysitei satsf s cil'ter the irst or
seco di tittii I nt II. th e ate ie c tittler WIhn
a Ihiiye tability, 'lhb gota of die turrert wock is to exploit
a iitihod If dxi i ngcOiintItes whticll naximi e dt Ute
! Aitiveqence (tebe defttedctoriillIy iithi IiliOwitig
Scciihnofi tII state£ItIctoti to tihe ong1ri
A Icr we lirttally deftin tIe optiutuatiou prOb@eri tt 0

consideredt we wcill cgii by Inrding a optipiial contriller
fir the gpecittic case whcni 10e plait under considefratiot ix
a dtublte integriteor with translr unctiion I ( I
W WilI theninfid j geniral crontlerdI se ncsitr I4eco: id
Oreri 0lats tftlAefiu Idngrec tI y in ik ing appropriate
trantlttitat ii It hanlge the ptit0bcmt wi A given plant
if e Iati c egtec two itito ai cptop iialtiort p0rciii mvolv

ng dei Ic unegrator atn ci I ntcriin te cotutciiXg a d6aible Ial o ad htli¢ tratulbihXg Lh (n I
design back into tIh original state space. V etcntud by
prescnfing a dcxign example totitustMte the tethOdeI(Oles
Idectrid tiere

I) tt space ciistiAtnts severta p e Is aian i cU si in
0 eic bcen cuOraitled cr ciioiltedl "elid ru det u s rlI& ed to [61
lii i incite at tuildtrdtlcntrofth bc eli ilnatter piesetie
hiem.
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II. RI{ OFiCii(O' IVERiNCtiDEiINITIOINS
Ii ilu sbecion we ititkid600thnikelik if MM 4 cafv

(tbegi with ianthdeiriti dWI'iwl)Lutit

Ihfniutt ThealuitontlioustU sy9I~t6 di Li ilbLd by~
x - -is sAid t(i bt klJbdIIX eVonntlhJUI itabtc If
tliere eXxiLtIxConstnt Al, 3 i>~ uc thait, 14 ill sol utions

H'(I) ITI< Vt >Uo (1I

D) fiftl(0n II 2 A fuinction fr(2) is said ein be h6m'in
fuIbfo cw(1) IIR f(tr ef (

f(X) is 10n1110 RuU\ aid piewltseV conitutilfuoi del

I =IIII1 iti if 21hI

De). II. ft"itnd fth r'itesitraIntriibteJr i tiucih atlI
solutions if the diffretliaf eq tationi gatily <i
Alio I br sini l 1> () Nolt thait I betiie otf fii
a xumOd exp liltntial stabifiy of the xysatm R > U xtift

1 .112 ..1? > '11,111 illf --. 1.11 (.2' t!
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WhI It fir 'ci teal nomnl inar systens, tiisdit ttitintityolo
htt atWi Inh d thit limtit t finluim may dpproLhI+x iir
time timiit ti/altton oviti tie Uii titdobl aq nit eatnirt the
bthavt I lf all s6oltitito) It i tlio ix illitotniti0i 6itittcty
tid ltncwis tonItobtt eLiitilt thal the dftfti(6It f ft 'i
a sntsibItmie0I. Te oadet ts ett itti to 616 ftm a discussiont
ot (it

-A peffil pilpcrti dlT( it tht tate of convergecne thaiit -w

WilIIotitite inii qtipnittation tnth dis lihblatwing:
(Ct //itt I: t)cfmcihe 1 t~rar 4 on itrgetu Itja

Mitit in. Af, I Ir IlllBPxT
htt I I 2lti f1 I

I1tutj Stt [6 B

III. Pi±oiLI FOR[ULATItOJCN
Noihaitit hlave form111ly detined outr Iotifitnizattion

ftitUrcItetcattanI itulalk thit ptObl7ItiundItr iinve-i gUtiii i
C( tiidet a xsingle nipul., xtitt'ftoulplli Itincrta sysefI oiili
hurti I in II ai in til t tttxioif g V atlt_ii
( 1 A It COISeo ttO atnd 61 t atmit Iteinte

Ian. Iuriheciotls ihtt a fttba k t mitt6i lay if lth foli
a(X) (X)c Whertita) *is ill LI'iletii I that Ith

u cal Uintercnnetedtti y teb isan aulitonolmou sy lemm
which taksthelbt otil

)I3( a I a,i I11tttllB

IV ati tuR lum t impf i or Wis artcini tit it ihI
wdlit lint ')

!lt Ithsctied i tnti6h itt(allfiesIn a leit(i)t101 tifre

enou{I to saiiiv the IolIwing iondittons
*l1herteiL t iff wWib K, t1..+ i tth that the
t igt i xaliie ol A { i7(1 lot In a itfiok Conjugyate

ieaxt ouie it~ teeienvxaIuex 1 NB1flis SIi ttlv
ini the own feltItif alf l)line
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d1iVid a.i by tW(r yiedds thit rexultU

itir jvt) for aUX ax thix w il not laCteI out tltot I"
al optItlial 0onttriller

Iiti eakilty eeit ied thaii atty Chotte ofi v() (IhI it tifies
thtexollt6itd tfriia ibov wilI dibit taibihitig Controller
ax dt tribtd by 'Iliii I.1 Iti ott at resltWItw I 10 C

atinditotn equivalent to thteba a1 tOtinsraiUl that J

eatytVeeinIed by Chieckting a st nihe- cot-idtlton on the v
of'tlj and die para tin r if tht trat sfer ffuntiott PI4

ITIt oifitet paramettt g'txc abovt a tnetitin
if th tiramttert6iit itOlccorrsptdiitg translet tunctiton
c((1 1) B An exact xtettloi 17~it h tath gix nl

iantintsuIt

systeim ELift Ill1 hii ani axs6ialtd tate if 6inteygtkit I
lxr a giveUf tn't Eqihi I. I end gitti vafut Out U thI
taka4 fnd dhen; iitoiodtdaeii0c. OfI½ E 17(i itch
thbi the Cotresponding tIe R? 'ts maximuni NotfthI t tIle
filitit ii6 R 'is iiiplphttily a Itinctljn)Vuf niln l anwe ue

10 dtn te thin opt ii lo iali
Iji (Ie set tonx thai Ii Ifow; at will litnI a tluvtt oif
( ri whiitf athitve Itte mtidhiiIalrateR iti hi fhe abot

opIiftiiifza ftlIttnpoltu aihfiwi XIshx1titltiOaractelet
thb Oilit Ial Valtde Rfi) inter tiiof atiAd Ii paamtaeiIsr

I f th IrAinik h'utitoiil C( i 4)- 13. WVe at I i
p0lilitaby ilh tilt oit ul ig ceinti lIltosix ~ fitxt fi diingan

6tiptitl I6tot toIlet ifb th sJtifi ae al6wiChthepllaknt
in dr ottsidetration 'is a tdouble intt e'rt ii We will thn baid
Oflltllail tohtro lerxttdslbttil di p- roblL iih -afcthtif lait
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is a aeneral second order systemn ot relative degree two
by using appropriate trauslrtmations to relate the optimal
controller and rate br a, ven plant to the optimal, controller
and rate of a double intclramU.xr.

IV. OPTIMA\ CoNTRoL OF A DoUBLE INTGRxr\OR

In this section, we syntclsize the dcsign of an optimal
controller lof a plant which acts as a double integrator,
P(s) 1/8' with canonical state space descniption

0 1 F a ~~~~(IV4)
2] 2 ]

= (IV5)

which, under the feedback law u(x) V=r()l yic:lds

XI1= 0 11rX2"'
X2S tiP(X) 0 X2S t (

We cornsider hemr ithe -task of findlng ithe mnimaI rate R* (1)
when 7 providcd in the descri-pL of V(u0) of the prevIous
secctio-n is equal to 0 and when v is eq-ual to 1. That is, w
wish to hnd i* (x) with I (x)I < 1 Vs e R 2 such that
the rate

R(ot (x)) = iniii liininf
I (0)- T.i

is as large as posshlc! whliere x(t) denotes a solution 1o
Eqn. 111.3 with v(i) v (x) i=e.

fR(v (x)) > R(v()) Vv(x) E V(1).
A. Fint Ho"'ZnQmtiOp al nwirr

In order to make headway into solving ihe above prob
lm, we will consider the flollowing relaxed tinite horizon
prblem: br a given horizon T > 0, define the set W as

WI {w(t) [0.1T REt Ku)(t) l}.
We are interested in hndina a choice of w(t) W14 which
we will ref&r to as w*,1) such that the coffespondrmg
solution x (t) of the system equations

0 1 ,r- XiI x(O)tv, ( t) L X2
*1I

is as snall as possible., i.e.

Hx (T)1) < 11x(ThI Vwv(t) 1W

where x(t) denotes the solution corresponding to a partict
ular choice of w(t)
A lew commenits are in order First, it is clear homi the

definition of R in Def. 113 that chwsiing v(xr) V1(1)
to minirnize 11x(T) for each fixed T is equivalent to
maximizing IR(1). After all, if I (T) achieves the minimal
norm fr a. given initial condition x(O) = xo, 11x*(T)II <

UIt can be easily veriied the spcifi choice of vo = I andy = 0 atisfy
the two conditions fisted in -he description of V(vo ot the previous sction
for this plant

Irlx(T) IIr all soLtloIns with v(x) E V(1). x(0) xo.

.[.[W.11w>2 12

I1n ( lxZ(T) II r 1n 1 | Z (T) II

a-nd the state-ment follows by noti-ng that the -mininiization
and limit inferior operations preserve the above inequality.

Also, note that the specilic choice ofI initial condition
fM(O. f[Ix(O)= 1L 0 iis artificial and is chosen f6r simplicity.

Once we have solved the aiven finite hon,zon problem for
this specific initial condition, we will Ie able to construct
optinal soIutions fbr several other initial conditions which,
in the end, will lead us t1 a design for v(x) in the oritinal
opttriitatton problem

Finally, we note that the given optimziationOvl r the set
Wi provides a lower boundifr the mlninmum achwievable
Valtle Ofo jx(T)F) f1r the origIna I ficdback Ilaw u(
v(.x)y To see this, fbr a given initial condition x(O) = o.y
define W as

W = 1t(): 0 T] R : iv(t) =vT(x(t))'In('X) c V(.1).
x. = ...S+1r({)BCxr,(0) =o}.

It is cear that W C W, and, hence,
Unin x(T) UW 1lx(T)11

AI ihis poirnt, the reader may wonder why we are evenr
considering this inlite horizoen op iria io wIih diflt
structue than OLur original infinite horizon optimization. Our
rcasonin] is itwobld. First, by examining the qualitative
behavwior of the optimal so)lutions to this finite h rizon
problem, we will be able to invent a fofm of an optimal
controller (x)-to the original infninthoriion prohern
which we will, then, be able to prove is optimal Second, the
setup for the finite horizon problem fits the frtmework of
the celebrated PunWxagin Mitimum Pineiple. The essential
;ist of our reasoning, then, tSihat we solve tis finite
horizon problem, fwr which efficient tools exist to obtain
an optimal solulion, so as tgain- intuittonito the way we
shouLld design v(x) in the infinite horizon case.
The above optimization problem can be solved efficiently

Lusino Pontyagin's Minimum Pinciple 121. As the, eact,
tecLhnicaLities of uiilizing the Minimum Principle to obtain
the optimal choice of' w(t) is not the main fbcus of orw
exPosition, the netd reader ferred to 161 br a
complete description of how we use the Minimum Principle
to generte the optimal choice of w(t). The end result
of the analysis shows that the optimal choice of w(t) is
a piecewise-constant btang-bang contrioller (i .e. w( ) E
{1., 1 -fbr all t). Moreover, examination of t:he geonetric
behavior of the phase portraits for the optimal w(t) as the
horizon time T + x allows us to hypothesiie a form of an
optinal controller in the oriainal infnie o rblem.

A EAtensin to the Ifinite Hrizon PmWHin
By exaning the geometric behavior of the optimal

trajectorics of the finite horizon problem ofthe prior section,
4129
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V OUPTIM\i, CO( TROt1 OP Si(COND ORIr SYSTEMS
OP RELrIIVE DLE)1G-iF T1wo

In1 1hs sCctiotn We gO1tddlk1[he iiidt Of the )Lvious
secti\on to all wco\ d 6rdlr linear sySte-msL1s witli a Ih4hMr
Lunction tfxxthe irnt

lj-

we are able U)0it}lLtItt1) th/ thetfit iio px(.0ivte by

{ t10l$+ o

wPhibLasthurted iia' Ili Fig. wi max''imz11(l1) tbr the original infinite horizoti op I ]zan pr6oblem
desetibed ttt the beg'intiig (iif this gectigian..As t tumS outgs
ihth l11dbLk liaW &es mixxmi/e R(1E a property WhiII
we naw show in tWO stepx OiLd which ektobfikh6g ain upper
hbound loe RI 1) and till olteht whiL sIh6wstthxat t* X) Ot

lV8 ahievLs this b(?iitdo
Pipoitt,n IV2 hRV tlihe doiuble ititgratoi of l4ii IV1

and 1V5 withl sote ch1oiceI 7c1 r R

R*I? < L

tor s0n1e b, It E R. in pa:rtlfari we wIll Jio at s>hil
taJtUOftr f1i paamexteri as bitintotn txicparit1tlbL

if' it[itimtir t\ i fIlUiL 101t P( ddLit the wi

+
and iwjl't then11 tibtiiin explicit expresiomttS r ttic optiml rtale
of eo gIic *R (tb) Alofng with ti opIna contrii ter

\VLe will tie fitd apitittal CL ntrOll r tt*G 0t
a :dliiclthar mIate-spacc talizAtion ot' the tralistr i6eftill
P(s) we c ow Optimal eatital cef r ) lthi st tLr
spaLe realitations and l'of the caseL wihew <i will Wx
dediv &d Vitt ap te tranr1oibrt i1tois.i

I'he ftiatst atdL e11it ihi t we W ill fit pr)aV i L]
161llWingi

Peip ;iion V4* C(onSiider a ltxear systet Wiii t]tinlsf
I tLiotOn P(.) xxithtlt > gixen by Eqt. V IOt witb sltltec

l Ii

Ii )
[

Vt''XR
..'i([rf') + I

Pmor using tleLiolation

A4(t) ..

1i7

A V4. 1(IV9 WLxx -6/2 lLh htaroi

w& ve

d

dii

1|2 (i(It 2

N*Ne flor al3]y ,itfital Oin.di.ti6 (Olz);

21~~~21ltilf- iiiIX(iT)I I < ,1t[t h-2 YXT))W>

Iotii wl bii: it i llthed uIly tallow Itt 11) < 1
itiVi0 4i tIlx doI bih inLto ator withi Ld-

ba k lxx t wrI Jitkh ig a 'in lqt. 8, the
rdtL Of UOnVaLLncL I? is eqiui ito L

P l. t oait f txoe t1 1613 xhlst that thI AbaVx
Ldl il IiWUi by xpllt1y Liput ting the sOlutIl in Iti c Ih
iit tLal co fitdllo( (I) and by sIt 1ig that the lili tttt tatir
is always cq ia1 to I

I) ii (jl + -1- ) < 00
atio ) t

(VI1)

lndkes Ithe y 'tl) A;t+ (Cr gl thally Lxpa
e0tially StaIib FurthtimOr lhb given ehr'iLe ofatI r

il niia stt/ af LOnV t ,) WIj&t tO tI
COs Min-ts thAt iJ (i:r V[U + Va1}+ V4.i3 R a:

piectwise contintalms atd 1q;= i~ a! I

1t7LaxovcL I e maximum va Lu i, ixL

'a

(Vib +

B1efre (Ja UJUng liis propqs on W e ncd tharisult
tf 1e ollring Iirmmaa
Lemlid VI. (onsider al cxptonentitIally stabl s itint d

Sribld by

te paraimeter X ad ft* Ohio v1 Ofm tA1 iad where qi
xxipcewise co117dousia d s4fPfishe IonstalL htL4aEt)
t (aX IrI C 0 0 Suppose I rt'her Ihaltti ssyStx hx

tttxEsoondil tk ealX 'LIcLl . Ih tle ftlo winl
statcimiiLnits are tLu
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aind hia eoLhI ond,
R1 )i

j. tit( )B(
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