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On Time-Varying Bit-Allocation Maintaining
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Abstract—In this paper, we analyze and derive conditions for
stability of a feedback system in which the plant and feedback
controller are separated by a noiseless finite-rate communication
channel. We allow for two deterministic classes of reference
inputs to excite the system, and derive sufficient conditions for
input-output (10) stability as a function of the encoding strategy
and controller. We first construct an encoder as a quantizer that
can have infinite memory and can be time-varying, in that the
strategy it follows to allocate a total of R bits to its inputs, is a
function of time. This construction of the quantizer leads to the
result that the set of allocation strategies that maintains stability
for each class of reference signals is convex, allowing the search
for the most efficient strategy to ensure stability to be formulated
as a convex optimization problem. We then synthesize quantizers
and time-varying controllers to minimize the rate required for
stability and to track commands. Examples presented in this
paper demonstrate how this framework enables computationally
efficient methods for simultaneously designing quantizers and
controllers for given plants. Furthermore, we observe that our
finite memory quantizers that minimize the rate required for sta-
bility do not reduce to trivial memoryless bit-allocation strategies.

Index Terms—Bit-allocation strategy, input—output (I0) sta-
bility, quantized control, transmission rate.

I. INTRODUCTION

HE classical control paradigm addresses problems where
T communication between the plant and the controller is es-
sentially perfect. Recently, problems in control over networked
systems, whose components are connected via noisy communi-
cation links that may also induce delays and have finite rate con-
straints, are emerging. Applications include remote navigation
systems (deep-space and sea exploration) and multirobot con-
trol systems (aircraft and spacecraft formation flying control,
coordinated control of land robots, control of multiple surface,
and underwater vehicles), where robots exchange data through
communication channels that impose constraints on the design
of coordination strategies.
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Fig. 1. Simple feedback network.

We consider the control system shown in Fig. 1. In this
system, the output of the plant G is separated from the con-
troller K by a finite-rate noiseless channel. We assume that the
plant output is encoded by some operator E before entering
the channel, and decoded by another operator D after exiting
the channel. £ and D work together to reduce the deleterious
effects of the channel. The system shown in Fig. 1 has the
following model:

Tiy1 = Aiﬂt + B(’Ut + Tt) Vit Z 0
yr = Cimy
Ut = K(@t) (H

wheret € Z,xz, € R, and 4,9, v; € R.

Previous works mainly focus on some notion of state sta-
bility under finite-rate (or countable) feedback control, where
the only excitation to the system is an unknown bounded initial
state condition (r; = 0) [1], [3]-[5], [7]-[9], [11], [12], [14],
[15], [19], [20], [22]-[24]. This research aims at finding con-
ditions on the channel rate that will guarantee that the state of
the system (or some function of the state) approach the origin
or remain bounded as time goes to infinity. More recent works
address synthesis of quantizers and/or performance limitations
under finite-rate and finite-capacity feedback control [13], [23],
[10], [16], [17].

In contrast, we allow for certain classes of inputs r; to excite
the system and study input-output (10) stability under finite-rate
feedback. Our approach introduces a computational method-
ology for analysis and synthesis of quantizers and controllers
(F, D, and K) to meet various control objectives.
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Another important distinction between our work and previous
studies is that we only consider encoders that have memory
but do not have access to the plant input and cannot compute
this control signal. When encoders have access to the control
signal or can compute the control signal exactly, the plant output
signal that must be communicated down to the decoder can be
described by a finite number of parameters. More concretely,
yr = CAlzg + C Zf;é A'=17% Bu,. Therefore, the only quan-
tity unknown to F and D is x, which is just a vector of n num-
bers that belong to a bounded set in R™. Therefore, assuming G
is observable, the encoder can compute g after n time steps and
start transmitting x( through the channel down to the decoder,
at a rate of R bits per time step. Consider an encoder that allo-
cates R; bits to the 5th component of z, such that . R; = R,
while the decoder continues to update its approximation of x
and x;. The error vector then evolves as follows:

et =Ty — Ty = At(xo - i“o,t)

where Z ; is the estimate of ¢ at time ¢. If we assume that A is
diagonal,! we get the following upper bound on the magnitude
of each error component:

et < £ { AIL

where |zo(i)] < L, fori = 1,2,...,n. It is easy to see that
if R; > max(0,log(|\;(A)]), for 7 = 1,...,n, which implies
that R > ). max(0,log(|A;(A)|), then the system is asymp-
totically stable, because K is assumed to be stabilizing.

On the other hand, when the encoder does not have access to
any signal in the loop except for the plant output, the unknown
quantities characterizing y; are zo and wug, uy, ug, ..., which
are an infinite number of parameters. From the encoder and
decoder’s perspective, the output of the plant is suddenly
very “rich.” For any fixed ¢, the decoder must approximate
Y0, Y1, - - -, Y¢. These approximations cannot converge to their
actual values, and the best strategy that £/ and D can employ
is to improve the approximations over time by allowing E
to allocate more and more bits to them (this motivates our
construction of the quantizer presented in Section II-A). The
system boils down to a quantized feedback system, which is
difficult to analyze, and where the usual tradeoff of delay versus
accuracy holds.

We conclude this introduction with an overview of this
paper. In Section II, we describe our setup, introduce a new
parameterized class of encoders that have memory but no
access to the control signal, and formulate a stability problem.
In Section III, we derive sufficient conditions for finite-gain
stability for bounded and decaying classes of reference inputs.
In Section IV, we show that the set of stable bit-allocation
strategies implemented by our parameterized quantizers is
convex, enabling synthesis of such quantizers that achieve de-
sired objectives. In Sections V and VI, we design finite-memory
bit-allocation strategies and controllers that minimize the rate
required for stability and that track commands for different
plants. Finally, we conclude in Section VII.

i=1,2,....n

LAll results hold for general A matrices as shown in [22].
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II. PROBLEM FORMULATION

We study system (1), in which the channel encoder has
memory and no access to the control input. E is a limited-rate
quantizer that has infinite memory and is time-varying in that
the strategy it follows in allocating a total of R bits to all of
the inputs up to time £ is a function of ¢ (see Section II-A for
details). We assume that the channel can transmit R bits in-
stantaneously with each use. The channel decoder D computes
updates on the current and past values of y and sends these
to the controller. K is a causal linear time-varying system
described in Section II-B.

We define the closed-loop system to be IO stable if for all
r € C,, there exists a finite positive constant « and a finite
constant (3 such that ||y||cc < @||7]|cc + 5. Here, we investigate
IO stability with respect to the following classes of reference
inputs C,..

1) Bounded Signals: C,, = [, 7, where [ 5 is the class of

all signals that are bounded in magnitude by 7.

2) Decaying Signals: C,, = C 7, where C, 5 is the class of all
signals that are bounded by the positive decaying function
7yk forallk > 0and 0 < v < 1,1ie., if 7 € C, 5, then
|re| < 7k for all k > 0.

.7

A. Limited-Rate Time-Varying (R, M )-Quantizers

Before stating the problems that we are interested in
solving, we first define and model the parameterized class of
time-varying infinite-memory (R, M )-quantizers.

We view the quantizer as a module that approximates its
input, which, in general, requires an infinite number of bits, with
a finite number of bits. Formally speaking, an (R, M )-quantizer
with bit rate R, is a sequence of causal time-varying operators,
parameterized by an infinite-dimensional rate matrix R of the
form

Roo 0 0
Ror Rin O 0
Ryy Ria Ry 0

where ) j R;; = R — 1 for all 4, and an infinite-di-
mensional positive-definite diagonal scale matrix M =
diag(Moo, M11, Mss,...,). The (R, M)-quantizer saturates
to output My, the (k + 1)th diagonal of M, when its input
yr has magnitude greater than or equal to My, i.e., when
lye| > Mpi. However, we denote the quantizer “valid” only
when |yg| < My, for all k& > 0, and define what the quantizer
does in this case below.

Let §;(j) be the quantized estimate of y; at time j. Then, R
determines that at time ¢ = 0, 1 bit is used to denote the sign
of Y9, and R bits are used to quantize the magnitude of ¥ to
produce §o(0). At time ¢ = 1, an additional Ry bits are used
to quantize the magnitude of yq to produce go(1); 1 bit is used
to denote the sign of y;, and Rp; bits are used to quantize the
magnitude of y; to produce 3;(1), and so on. The accuracy of
§:(7) is within £M;;2~ Qi Bt of o for all i > 0.

For the sake of analysis, the quantizer, the channel, and the
decoder can be broken down into the five steps at any instant
t as shown in Fig. 2 when |yx| < My for 0 < k < t. First,
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Fig. 2. Quantizer—channel-decoder operator at time #.

the ith component of the vector g is scaled by (1)/(M;;) for
i =1,2...,t, to produce z, where y* = [yo y1 --- y] , and
M, = diag(Moo, M11, ..., My). The scaling by M[l ensures
that ||2!]|cc < 1. Then, each element of 2! is converted into
its binary representation, i.e., a string of “0s” and “1s” in the
decimal-to-binary (D2B) converter. Next, each binary string is
truncated according to the bit-allocation strategy induced by R.
Specifically, the binary string representing 2(i) = (y;)/(M;;)
is truncated to contain only its first (Z;:l R;;) bits. Note that

t

this truncation induces an error of at most 2_<z;j:i Riatl) iy
magnitude for z¢(i), i.e., |21(i) — 21(4)] < 9 (2= it ),

As shown in Fig. 2, the truncated binary string is converted
back into its decimal representation, via the binary-to-decimal
module (B2D), to produce 2*. Finally, 2* is scaled by M; to pro-
duce §, where i = [fio(t) §1(t) §2(t) --- §(t)] . An upper
bound on the error between each input component and its ap-
proximate output is

[k — ()] < Myg2™ Ricy RistD)

Vk < t. Stated differently, if |yi| < My for 0 < k < ¢, then
there exists a wy, () with sign(wy(t)) = sign(yx) and |wy (t)| <
1Vt > 0, such that

() = yi + Mip2™ Qice Beit Doy (1)

for all £ < t. For analysis, we augment the output of the quan-
tizer at time ¢ to be the vector of all estimates of y! from time
0 to time ¢. We denote the augmented vector as y? as shown
below

[90(0) 7

o(1)

~t

Yo =

___________________________

We can then model the quantizer in its “valid” region as the
following sequence of time-varying operators:

(t+1)(t+2)

|Qt(yt)

—§t = Iy + F,(R)M,(M)wt, ¢ > 0}

QR M) ={Q:R"™*' — R

where
|
1 0
0 1
It =
Itxt J
and
[ foo T
fo1
fi1
F(R) =
Jot
L fit
" Moo -
Moo
My
M(M) =
Moo
L My

with fr, = 2_(Zf:k- Beitd) for s
0,1,...,s.
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Also

IS

L wt(t) J
where w, € 1, such that |[w, || < 1.

B. Plant and Controller

We represent the linear time-invariant (LTI) causal system G
and the causal linear time-varying controller K as the following
matrix multiplication operators at any time instance ¢:

9o
gt 9o
Gi= |92 91 9o

Lge - @ g
- ko

ki ko
K= ky ki ko

Note that, with matrix I; as defined above, K; satisfies
K:I; = KF™ where K™ represents a linear time invariant
system given by

ko
k1 ko
LTI
K™= |k ki ko

ke oo oo Kk ko

Fig. 3 illustrates the closed-loop system at time ¢ when the
quantizer is modeled as an endogenous disturbance as described
in Section II-A, with

(1) u(t)

From here onwards, we refer to F;(R) as F; and M ;(
for an easier read.

M)ZMt

C. Problem Statement

We are interested in solving the following problems.

1) Given G, K,C,, and a rate matrix R, determine whether
there exists a set of scale matrices M that maintain IO
stability and quantizer validity.

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 53, NO. 5, JUNE 2008

Fig. 3. Control system at time t.

2) Given G, K, and C,., characterize the set of all rate matrices
R, such that the system is 1O-stable and the quantizer is
valid.

3) Within the set of stabilizing rate matrices, find the min-
imum transmission rate R of the channel.

4) For a given G and C,., design K and R to minimize the rate
required for stability and to track commands in C,..

III. STABILITY ANALYSIS

A. Bounded Signals

In this section, we derive sufficient conditions for IO stability
when C, = lo7 Let T, 2 (I — G,KF™)™1Gy, then it is
straightforward to show that y* = Tyrt + T, K, F, M ;w!. The
following theorem then gives sufficient conditions for 10 sta-
bility and quantizer validity.2 Note that for a matrix A, ||A||; =
max; » _; ai;|-

Theorem 3.1: Consider system (1) with xyp = 0. Let £ =
Q(R, M), for a given rate matrix R, and let 7 € I 7. If

D 1Tl < oo

2) |TKF| < 1;
then there exists a constant scale matrix M = mJ, such that

* (10 stability) [|ylloc < [[T[|1lIlloc + m||ITKF|l1:

* (quantizer validity) ||y[|cc < m.

Proof: Choosem > (||T||17)/(1—||TKF|1) > 0, which
is possible given the norm bounds on r, T, and T K F'. Then

5 loe = sup{[|Tyr" + T1 K F, Myw'||oo }
t

sup || T[4 [|r ||oo + sup || T, K Fy My ||2
t t

171l + ml|TKF|x

m.

ININ IA

The last inequality comes from our choice of m. |

The stability condition in Theorem 3.1 is sufficient as we have
not yet proven that |yi| > m, for any & > 0, renders the system
unstable. We note that memoryless, time-invariant quantizers
are represented by an identity rate matrix multiplied by the value
of the fixed rate R — 1, which leads to the following corollary.

Corollary 3.1: Consider system (1) with zg = 0. Let £ =
Q(R, M), for a diagonal rate matrix R = (R — 1)I, and let
S loo,F~ If

D [IT]h < oo:

2) [|TKEY|; < 27

20ne can add an exogenous input d at the input of the controller and derive
sufficient conditions for external stability by computing transfer functions from
r and d to y and v (output of the controller). We omit the details here as the
analysis is straightforward.
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then there exists a constant scale matrix M = mJ/ such that
* (IO stability) [|ylloo < 1T ll1ll7lloc + m2~ B TK 1

* (quantizer validity) ||y||cc < m.

B. Decaying Signals

We now consider the case where r € C, 7, and derive suffi-
cient conditions for IO stability. We show that if G and K ! are
finite-dimensional systems, the conditions can guarantee that
the output signal y, decays exponentially over time. In this sec-
tion, both G and K" are assumed to be finite-dimensional sys-
tems.

We know that with perfect feedback and a stabilizing K1,
exponentially decaying reference signals generate system out-
puts that exponentially decay over time. We would like to gen-
erate the same types of decaying responses with finite-rate feed-
back, and thus consider the quantizer scales M;; to be a de-
caying function of ¢, i.e., M; = diag(m,mB3,m3?,...,mpB"),
where m < oo and 0 < # < 1. The matrix (FM); will have
kth diagonal equal to 3%2~ 2 B for0 < k < ¢, and the
quantizer is valid only if |y;| < mg* for all t > 0. Below we
state a theorem that states sufficient conditions for IO stability.
The details that lead to the derivation of the theorem and proof
are shown in part A of the Appendix.

Theorem 3.2: Assume that T and TK "™ are finite-dimen-
sional stable LTI systems, whose corresponding A matrices (of
state-space descriptions) have spectral radii p and v, respec-
tively (both p and v have magnitudes less than 1). Denote {T'};
and {T'K*T1}; as the ith components (i = 0,1,...) of the im-
pulse responses of 1" and T'K, respectively. Given system (1),
r € C, 5, and a rate matrix R, if

D {T}; < mip' (0 < m < o0) foralli > 0;

2) {TKYM},; < mort (0 < o < (1)/(||F||1)) for all i > 0;
3) max(v, p,7)(1 = mel|Fll1) > v
then there exists a decaying scale matrix M (Mp;, = m3*) such
that
* (0 stability) [|ylloc < [[T]l1]Irllcc +ml|TK]h;
e (quantizer validity) |y;| < m@3 V¥t > 0.

IV. CHARACTERIZATION OF STABLE RATE MATRICES

We have shown that if |[TKF||; < n forn > 0, then the
system is IO-stable for bounded and decaying inputs. This in-
equality can be written as a set convex constraints on the rate
matrix parameters. The following theorem shows this result.

Theorem 4.1: Let X = {vec(R)} =
[Ro() Ro1 Roo Ri1 Rio - ']/,3 then for any
infinite-dimensional matrix P, the condition |PF(X)|1 < 7
is convex in X for any n > 0.

Proof: |PF(X) |l > 0 & S50 fi(X)IPy| < n, i =

— R'i
0,1,..., where f;(X) = 2 =i 7" 'We now show that
fj(X ) is convex in X, and thus, any nonnegative combination
of f;(X) is convex. First, we recall that 27* is a convex

3The “vec” operator on a matrix simply concatenates all the column to form
one large column vector.
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.. —-O"" Rji+1 _( .
function in a. Let 2 (Zi=i st _ 2 (CJ‘X'H), where cg- is

an appropriate row vector for 7 = 0,1, .. .. Note that

2—>\(c_’7X1+1)—(1—>\)(C_’7X2+1)
— 9= Aar+1)=(1=A)(az+1)

< A2 (@D 4 (1 - y)2 (et
— /\27(C;X1+1)

+ (1 = N2~ (Xt

|

If we let P = TK, then we get that the stability condition

ITKF||1 < nis aset of convex constraints on the infinite-di-

mensional vector vec(R). This result enables the search for the

most efficient quantizer to be formulated as a convex optimiza-
tion problem.

V. SYNTHESIS: MINIMIZING CHANNEL RATE

In this section, we synthesize (R, M )-quantizers and time-
varying controllers for different plants to minimize the rate re-
quired for IO stability for C;, = [ . In particular, we set out to
solve the following problem:

i B @
st |7l < o0 3)
ITKF(R)[l: <1 )
> Rij=R-1, i=0,1,...

J
Ri;j >0, j<i=0,1,...

where T = (I — GK*1)~1G and (3) and (4) are stability
conditions. We make a few comments regarding our approach
to solve (2).

1) The (R, M)-quantizer is described by an infinite number
of parameters (R;;) as it has infinite memory. To make
things easily computable and more practical, we restrict
ourselves to finite-memory (R, M )-quantizers, defined in
Section V-A, each of which is described by a finite number
of parameters.

2) The optimization problem (2) has constraints that are
nonconvex in both KT and R, and therefore, is not
efficiently solvable. We propose an iterative algorithm,
described in Section V-B, that alternates between com-
puting a controller and quantizer. In each computation,
we solve a convex optimization problem subject to convex
constraints. We show that our iterative algorithm has a
nonincreasing cost, and therefore, converges to a local
minimum. This iteration is reminiscent of the D-K iter-
ation used to compute ;2 when modeling systems with
structured uncertainty [2], [21]. Numerical examples are
given in Section V-C.

A. Finite-Memory (R, M)-Quantizers

We consider a special class of practical quantizers that have
finite memory and are periodic. Specifically, each value of y
gets approximated by the quantizer for at most N consecutive
time steps. In fact, for any ¢ > 0,y,n4; gets approximated
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Fig. 4. Lifted closed-loop system.

for N — j time steps, for j = 0,1,..., N — 1. Moreover, the
bit-allocation strategy repeats every N time steps. We call this
class of quantizers, “repeated-block” (RB) quantizers because
the structure of the rate matrix is block diagonal as shown in the
following:

Bylock =

Ron—1 Rin—1 By_1,nv21

It is useful to highlight that RB quantizers are time-invariant
operators in “lifted” coordinates, where each time step in the
lifted coordinates is equivalent to N time steps in original coor-
dinates. We define the following lifted signals for ¢ > 0:

TtN
TtN+1

LT(t4+1)N—1

YtN
YtN+1

LY@t+1)N—1-
win((t+1)N = 1)
th+1((t + 1)N — 1)

-w(t-l—l)N—l((t + 1)N — 1)

The model for a regeated—block quantizer Qrp in the lifted
coordinates, denoted Qgrg, is

Qrp(R, M) = {QRB :RY — RV
| Qre(¥) =¥ = Iny + mFNVV}
where, written as a matrix multiplication operator, Fry =

diag(Fn—1,Fn—_1,...) and Iy = I; evaluated att = N. The
closed-loop system in lifted coordinates is shown in Fig. 4.
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After lifting by a factor of N, the plant G is LTI with N
inputs and NV outputs and the controller K becomes LTI with
(N(N +1))/(2) inputs and N outputs. This enables us to use
existing control tools for LTI systems to synthesize K.

We state sufficient conditions for IO stability for bounded
signals in the lifted coordinate space with arbitrary linear time-
varying controllers, but first state the following Lemma whose
proof is straightforward and left to the reader.

Lemma 5.1: Let P be any causal LTI single-input—single-
output (SISO) system, and P is a lifted version of P with lift
factor N. Then, for any N > 1, ||P||; > ||P]|;.

Theorem 5.1: Consider system (1) with an arbitrary time-
varying controller lifted by a factor of N, with zyp = 0. Let
E = Qrp(R, M), for a given repeated-block rate matrix R,
and let r € le. If

D (I - GKY)=1G||, < oo;

2) (I - GKY™)"1GKFx|, < 1;
then the original system is IO-stable.

Proof: If conditions (1) and (2) hold, then by invoking
Lemma 5.1, we get that ||(/ — GKY™)~1G||; < oo, and ||(I —
GKY™M)~1GKF||; < 1. From Theorem 3.1, we then get that
the original system (unlifted) is IO stable. ]

B. R — K lIteration

The R — K iteration algorithm proposed here efficiently com-
putes a locally optimal controller and finite-memory RB quan-
tizer that solves (2). The algorithm is described as follows. Note

that T = (I — GK, )16

R — K Iteration Algorithm

1) For a given plant G, pick any stabilizing controller
KJ™. Pick a convergence threshold ¢ > 0 and set
c=0.

2) Solve the following problem to construct R..:

min R
R

ITKFn(R)[h > 1,
st.R=1+Y Ry,

J

i=0,1,...,N—1

Ri; >0, j<i=0,1,...,N —1. 5)
Note that the above problem has constraints that are
convex in all unknown parameters R;; as shown in
Section IV and is, therefore, efficiently computable
using any standard convex optimization software.

Ifc >=1andif R._ 1 — R. < e then STOP. Else
goto Step 3.
3) Fix R. and compute new controller K. by solving

min ||TI~(FN(RC)||1
ALTI

s.t. KT stabilizing

Apply “Q-parameterization” or “Youla
parameterization” to parameterize all stabilizing
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controllers and convert the above problem to a convex
optimization problem of the form

[Ho — HiQH>|y

Hgn
s.t. @ LTI stable rational and proper 6)

where Hy, Hy, and H» are derived from the system
to equate ||TKFN(R0>H1 to ||H0 - HlQH2|1. Note
that there is a one-to-one relationship with K c+1 and
@ given by the parameterization. We omit details as
this is a common procedure and refer the reader to [6]
and [18] for details. Note that (6) is again efficiently
computable using any standard convex optimization
software.
4) Increment c by 1 and goto Step 2.

We demonstrate how we use MATLAB’s “fmincon.m” func-
tion to solve (5) in part B of the Appendix.

The above algorithm continues to iterate between the two op-
timization problems until both costs fail to change more than a
given e. This iteration will converge to a local minimum rate re-
quired for stability as described in Proposition 5.1.

Proposition 5.1: The R — K iteration algorithm has a nonin-
creasing cost in the channel rate R, and therefore, it converges
to a local minimum.

Proof: For a given plant and controller, suppose we have
just computed rate matrix R. with rate R. for some positive
integer c. Given R.., the iteration algorithm then computes a
controller K., that minimizes the bias ||TK Fyx(R.)||1 by
solving (6) and converting () back to K. Then, we get that
ITKei1Fn(Re)|l1 < |TKFx(R)| for all controllers
K. Next, we compute a rate matrix R.4; that minimizes the
channel rate required for stability subject to the constraint that
ITK.;1Fn(R)|1 < 1. Note that R.. is a feasible solution,
therefore R.41 < R.. [ ]

C. Examples

We now execute one iteration of the R — K iteration algo-
rithm for three different unstable plants with7 = 1 and N = 4
(memory size of quantizer). We summarize the results for each
plant in separate boxes. In each case, we give the initial con-
troller K used to compute repeated-block quantizer R, which
is entirely characterized by Rpiock,0. We also compare the rate
R to the minimum rate R,,,; obtained if we restrict the quantizer
to be memoryless and time-invariant (a diagonal rate matrix).
Note that the minimum channel rate Ry required for stability for
each corresponding closed-loop system is Ryiock,0(1,1)+1. We
then show the controller K; computed by fixing the quantizer
to be parameterized by R and the corresponding quantizer bias
term ||TKoFn(R)|1. Finally, we fix the controller to K7 and
compute R; to complete one iteration.

Example 1
e Step 1:
10 —0.075(22 1
G = Ko = (FZ+z4D) g
z+1 23
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e Step 2:

1.4171
0.2621 1.1551
0.4907 0.9265
0.2665 1.1507
Ry =2.4171 Ry = 2.6792

Rylock,0 =

e Step 3:

—0.0437522 — 0.010742 + 0.001745
3

K

ITKoFx(Ro)|1 =1
ITK1Fx(Ro)|l1 = 0.2252

z

* Step 2:

Ryoek,1 =0 Ri=1 (Ro—Ry)=1417T1<¢

Example 2
e Step 1:
10 —0.0722%2-0.02162 —0.00648
G= Ky = z z e=1
Zz+ 1.5 23
* Step 2:
2.1630
0.1830 1.9800
Rylock,0 =

0.3580 1.8050
0.1847 1.9783
Ry =3.163 R, = 3.3461

* Step 3:
—0.11732%2 — 0.05309z — 0.01148
K= 3
VA
ITKoFn(Ro)llr =1
ITK1Fn(Rp)||1 = 0.4731
e Step 2:
1.2131
R _10.2875 0.9255
block,1 = 0.5750 0.6380
0.2876 0.9255
Ry =2.213 (R() — Rl) =095<e
Example 3
* Step 1:
10 —0.14422% — 0.05762z — 0.02304
G = Ky = i z c=1.1
z+2 23
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e Step 2:
4.4267
0.2284 4.1982
0.4329 3.9938
0.2271  4.1996
Ro =5.4267 R, = 5.6551

Rylock,0 =

e Step 3:

—0.18412% — 0.08769z — 0.01779
3

K, =
z

|ITKoFN(Ro)|1 =1
|TK1 Fn(Ro)|l1 = 0.2915

e Step 2:
3.4036
R ~10.2692 3.1344
block,1 = 0.5298 2.8738
0.2683 3.1353
Ry =4.4036 (Ro— Ry) =1.0231 < ¢

From Examples 1-3, we see that Ry < R,,; in all cases
indicating that allowing the quantizer to have memory and to
allocate bits to the past maintains stability for channels with
smaller rates than in the case where the quantizer is memoryless
and does not allocate to the past. In addition, the more unstable
the plant is, the more rate is required for closed-loop stability.
Finally, one iteration shows a marked improvement in rate re-
quired for stability as R; < Ry in all cases.*

VI. SYNTHESIS: TRACKING COMMANDS

In this section, we synthesize limited-rate finite-memory
(R, M )-quantizers and time-varying controllers for a
given plant to track a family of bounded reference com-

mands C, = I 5 such that the rate is limited by a
given R. From Fig. 3, we get that the tracking error
isy —r = (T — I)r + TKFxy(R)Mw,. Therefore,
ly = vl < T = Iy + m|TEFy(R)|1, where m

satisfying ||T'||1 + m||TKFn(R)||1 < m ensures quantizer
validity. We set up the following optimization problem:

iy |7 = 1I[|s + m||TK Fy(R)|1 )
st ||T|h < oo (8)
ITllx + m[TKFn(R)[1 <m ©)
> Rj=R-1, i=0,1,...

J
Ri; >0, j<i=0,1,...
R<R

where (8) and (9) are the IO stability conditions. Again, we re-
strict ourselves to repeated-block quantizers and apply an itera-
tion algorithm to minimize tracking cost. We outline the itera-
tion algorithm below.

“4Note that third-order finite impulse response (FIR) controllers were designed
to simplify computation and are shown in Examples 1-3. Searching over such
FIR controllers is not optimal, yet we are still able to demonstrate the validity
of our synthesis algorithms. The same was done for the tracking examples.
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We fix m in Step 2 of the tracking iteration algorithm and
check to make sure that the quantizer remains valid for that
chosen value of mn in both (10) and (12). Keeping m as a func-
tion of R and K would not enable convexity of the subproblems
(10) and (12). One can find the smallest m over all R and K such
that the quantizer remains valid and minimizes the tracking cost
by applying the above iteration algorithm to different values of
m, changing m via a bisection algorithm.

It is straightforward to see that the tracking iteration algo-
rithm described above always results in a nonincreasing tracking
cost as both subproblems (10) and (12) minimize the same cost
function.

R — K Iteration Tracking Algorithm

1) For a given plant G and rate limit R, pick any
stabilizing controller K, such that ||TKoF(R)]|; < 1.
If no such controller can be found, increase R and
return to Step 1. o

2) Pickan m > (||T|1)/(|ITKoF(R)||1) and a
convergence threshold € > 0. Set ¢ = 0.

3) Solve the following problem to construct R..:

11 =Tl +m||TKEn(R)[x

min

R

st. R=14+)» Ry, i=01,....N-1
)

R;; >0,
R<R.

j<i=0,1,...,.N—1
(10

Note that the above problem has cost and constraints
that are convex in all unknown parameters I?;; and is,
therefore, efficiently computable using any standard
convex optimization software. Denote the resulting
optimal tracking cost as 7.
Ifc >=1andif y.—1 — 7. < ¢, then STOP. Else goto
Step 4.
4) Fix R. and compute new controller K. by solving
11 = T[ly + m||TKFn(Re)llx

min
KLTI
s.t. K stabilizing

Il + mITKFx(Re)[lx < m. (11)
Apply “Q-parameterization” or “Youla
parameterization” to parameterize all stabilizing
controllers and convert the above problem to a convex
optimization problem of the form
Vo — V1QVa |1 (12)

mqi)n
s.t. @ LTI stable, rational, proper

[71(@)[l + ml[ f2(Q)[lr < m

where Vy, V7, angl V5 are de}“iyegl from the system
to equate |1 — T||1 + m||TKFn(R.)||1 to
Vo — ViQVz||1 and f; and f5 are affine functions

in Q such that || /1 (@)1 + m||f2(Q)][x equals
IT]|1 + m||TKFn(R.)||1. Note that (12) is again

Authorized licensed use limited to: MIT Libraries. Downloaded on December 2, 2008 at 14:41 from IEEE Xplore. Restrictions apply.



SARMA et al.: ON TIME-VARYING BIT-ALLOCATION MAINTAINING STABILITY AND PERFORMANCE: A CONVEX PARAMETERIZATION

efficiently computable using any standard convex
optimization software.
5) Increment ¢ by 1 and goto Step 3.

A. Examples

We now execute one iteration of the R — K iteration tracking
algorithm for one unstable plant and different (R, m) pairs. We
set 7 = 1 and summarize the results for each example. In each
case, we give the initial controller K, used to compute RB
quantizer Ro, which is entirely characterized by Ryjock,0 and
its tracking cost. We then show the controller K; computed by
fixing the quantizer to be parameterized by R, and the corre-
sponding bound on the 1-norm of the tracking error. Finally, we
fix the controller to K7 and compute R to complete one itera-
tion.

Tracking Example 1

» Steps 1-2:
10 —
G = , (R=10,m =30
z+ 1 ( s )
—0.036822 — 0.0006z + 0.0026
Ky = 3
z
e Step 3:
9.0000
0.0500 8.9500
Rulock,0 =

0.0975 8.9025
0.0532  8.9468
Ry =10 ~9 = 30.9563
* Step 4:

—0.0653222 — 0.03061z — 0.007916
K = =

I =Ty + m||TKoEFn(Ro)|l1 = 30.9563
11 = T|l1 + m||TK1 Fn(Ro)|l1 = 25.0942

e Step 3:

14.0000
8.6722  5.3278
5.9975 8.0025

3.0004 10.9996

Ryiock,0

Ry =15~y =30.9326

* Step 4:

~0.0652722 — 0.03054z — 0.007872
K= =

11 =Tl + m||TKoFxn(Ro)|ly = 30.9326
11 = T|l1 + m||[TK1Fn(Ro)|l1 = 25.0594

* Step 3:
14.0000
I 14.0000
block,1 = 1.8799 12.1201
0.9405 13.0595
0474 (yo —m) = 5.8875
Tracking Example 3
» Steps 1-2:
10 =
G = (R = 15,m = 50)
z+2
Ko = (—0.036822 — 0.0006z + 0.0026) /(%)
» Step 3:
14.000
R _15.1680 8.8320
block,0 = 3.5761 10.4239
1.7834 12.2166

Ry =15 -~y = 30.9305
* Step 4:

% —0.0641622 — 0.02832z — 0.005319

1 =

23
I = T||s + m||TKoFx(Ro)|l1 = 30.9305

* Step 3:
14.000
R _ 14.000
block,1 = 0.4685 13.5315
0.4673 13.5327
Ry =15 71 =25.4895 (70— 1) = 5.4410

From Examples 1-3, we make a few observations.

o If we fix m and increase R, the tracking error cost im-

* Step 3:

9.0000

9.0000
Bblock,1 = 9.0000
0.0899 8.9101
Ry =10 ~; =25.0917 (0 — 1) = 5.8647
Tracking Example 2
* Steps 1-2:
10 —
G = (R =15,m = 30)
z+1
—0.036822 — 0.0006z + 0.0026
Ky =

23

proves. This makes sense as the channel becomes less re-
strictive as IR increases. Fig. 5 below plots each of the two
terms in the tracking cost versus the rate limit R for a fixed
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[[T-1[| vs. Rbar
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Log(m|[TKF]|) vs. Rbar
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20 T T T T
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Fig. 5. (a)||T — I||, decays rapidly as R increases and settles to the ideal tracking cost when R — oo (b) m||TK F||, is so small in comparison to ||T — I||,
that we plot log(m||TIK F||1) as a function of R to see its rapid decay to 0 as R — oc.

m = 45 large enough to be feasible for all Rs plotted for
a given plant G = (10)/(z + 1.1).

e If we fix R and increase m, the tracking error cost in-
creases. This also makes sense because as m increases, the
cost || — T'||1 + m||TKoFn(Ro)||1 also increases (for a
fixed controller and quantizer).

» The tracking cost in just one iteration is decreasing as yo —
v; is positive for all examples.

e Although we do not show results for memoryless quan-
tizers, we observed that quantizers with finite memory per-
form better than memoryless quantizers in tracking.

VII. CONCLUSION

In summary, we consider a plant and feedback controller sep-
arated by a finite-rate noiseless channel and we study a new class
of encoders that have memory but do not have access to the con-
trol input to the plant. If the encoder is not local to the plant and
if it does not know what controller will receive the signal it sends
through the channel, then it can be modeled as belonging to this
class. We have constructed a parameterization of time-varying
quantizers that belong to this encoder class, and that leads to a
convex characterization of bit-allocation strategies that maintain
finite-gain stability. For finite memory quantizers, the convex
characterization of stabilizing quantizers allows for efficient and
nontrivial bit-allocation strategies and controllers to be synthe-
sized for a given plant to meet various performance objectives.

In the future, we would like to obtain necessary conditions
that maintain 1O stability.

APPENDIX

A. Proof of Theorem 3.2

Below, we make some observations that lead to Theorem 3.2
and its proof. We assume the following norm conditions:

D [Tl < oo;

2) |TK™||; < oo, and break down y; as follows:

ye = (I'r)e + (TKFMuw)y = yre + ygr.

Under the first assumption, we show that there exists a pos-
itive finite constant C; and an a1(0 < «; < 1), such that
lyr:| < Chad, forallt > 0.

Assuming that ||T'||; < oo, there exists a p, with 0 < p < 1,
and a positive finite constant 7, such that |[{T'};| < n;p¢, for
all 7 > 0. {T'}; is the ith value of the impulse response of 7.
In fact, p can be chosen to be the spectral radius of the stable
A matrix of a state-space description for 7. Because 7 is LTI,
yry = Z:zO{T}t_,;r,;, therefore

t
lyrel < 37 HT il
1=0

I

3

=

3

A

~
I™¢
/N
R

\_/
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where the last equality holds if v < p < 1. Similarly, |yr| =
| Y ico{TYire—il < (my)/(v = p)7", if p < v < 1. Putting
both cases together, we get that

lyre| < Crag

for all ¢ > 0, where

mry  mrp
C7 = max <—, —) a1 = max(p,7).
Y—=pP P

Under the second assumption || 7K 1|, < oo, we show that
there exists a positive finite constant C'y and a constant co(0 <
as < 1), such that |yq;| < Coad, forall t > 0.

Because || TK||; < oo, there exists a constant v, with 0 <
v < 1,and a positive constant 79, such that [{ T KT}, | < a1/,
for all 2 > 0. We now look at the magnitude of the response due
to the exogenous disturbance induced by the quantizer yq,

t J )
. J ) .
|y(It| = E Tt—j} K]L:fllmﬂq Zl:o Rlzwi(J)
7=0 1=0

t J
E LTI e
Tt—jK]_1
j=0 ¢=0

t

<ml|F|l Y ITKE| 5

=0

< mpml||Fll Yy v

J=0

= mam||F |1 <§>

=0

< m||Flh

<

_ IFlmeme
=y
v—p
where the last equality holds if § < v < 1.If v < 8 < 1, then it
is easy to show that |yq;| < (|| F'||l1n2mB)/(B — v)Bt. We then
get that

lyge| < Caadh
for all ¢ > 0, where
oo (IFlmmp |Fllimiy
? B-v 7 v-p

ay = max(v, ().

Recall that (3 is a parameter we are looking for to ensure that
ly:| < mp*. Therefore, 3 > v, which gives us

F
o, - IFhmms
6 —v
Putting everything together, we get that for all ¢ > 0
| Fllimn23

el < lyrel + lyae] < Crof + B

8—v

t > 0. The above observations lead us to the following proof.

Proof: Define C1; = max((m7y)/(v — p), (m7p)/(p —
7)), as computed in Section III-B. Then, choose f =

For the quantizer to be valid, we require |y;| < m/3?, for all

1157

max(p,v.7) and m = (CL)/(1 - (BIFL)/(B - v)).
It is straightforward to show that m is finite and positive due to
condition (3). To show IO stability, we have

5"l = SltIP{HTthrt + TG K Fy Myw' || oo}

<[ Tulirlloe + mlTKF|ly
< T lulirllee + m|I T K]y

where the last inequality comes from the fact that || F'||; < 1. To
show quantizer validity, we computed in Section III-B that for

a1 = max(p,7)
[Pl

ly:| < Crad + 5—v

<mf 13)

where the last inequality comes from our choices of 3 and m.

B. Using Matlab’s “fmincon.m” to Synthesize Quantizers

In this section, we show how we use Matlab to solve the fol-
lowing optimization problem:

min R

sUY Rij=R-1, i=02...,N-1 (14
J

(I = GK¥™Y1GK Fylly < 1 (15)

Ri;j >0, j<i=0,1,...,.N—1 (16)

For a given G and K ™1, we lift the original system by a factor of
N and denote the state-space description of (7 — GK'™~1GK
by (z‘icz, Bch C’cl, Dcl)- LetX £ (Rplock ) and rewrite the above
optimization problem as

min X4
s.t. AegX = Beg
P(X)<0
X>0
where A.q X = DB., captures the equality constraints (2),

P(X) < 0 captures constraints (3), and X > 0 are equivalent
to constraints (4). For example, if N = 4, then the equation
shown at the top of the next page holds, with

0'1:[1 11100 0 0 0 0]
ca=[0 0 0 0 1 1 1 0 0 0
cg:[O 0000 O0O0OT1T1 0]
cQ:[O 0000 O0OO0O0OO0 1]
and
fi
~ 1
F4(X):§ f2 fs
Ja
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[ Roo
Rbl K= ROI Rll
. ROZ R12 R22
L Ros  Ri3 Ras Rss
’
X =[Roo Roir Roz Roz Rii Ria Riz Rzo Roz Rasl
-11.0 01 00 0 0O
Ag=1]-101 0010 1 0 0
-10 01 0 01 011
’
Beg=1[0 0 0]
and
n
~ S 1
P(X) = |DaFy(X)| + Y |Cadly BaFa(X)|h - 1
k=1
where [7] D. Delchamps, “Stabilizing a linear system with quantized state feed-
back,” IEEE Trans. Autom. Control, vol. 35, no. 8, pp. 916-924, Aug.
1990.
_x [8] N. Elia and S. Mitter, “Stabilization of linear systems with limited in-
f 1=2 ' formation,” IEEE Trans. Autom. Control, vol. 46, no. 9, pp. 1384-1400,
r 9 Zz X; Sep. 2001.
f2 = =t R [9] F.Fagnani and S. Zampieri, “Stability analysis and synthesis for scalar
L 25 linear systems with a quantized feedback,” IEEE Trans. Autom. Con-
- 23 X trol, vol. 48, no. 9, pp. 1569-1584, Sep. 2003.
2 =17 [10] F.Fagnaniand S. Zampieri, “Quantized stabilization of linear systems:
6
f3 = 9~ Zi:s X Complexity versus performance,” IEEE Trans. Autom. Control, vol. 49,
2_X8 no. 9, pp. 1534-1548, Sep. 2004.
L [11] H. Ishii and B. Francis, Limited Data Rate in Control Systems With
r 9~ Eil X, Networks. Berlin, Germany: Springer-Verlag, 2002.
= B 27 X, [12] Q. Ling and M. D. Lemmon, “Stability of quantized control systems
f _ 2 i=5" " under dynamic bit assignment,” IEEE Trans. Autom. Control, vol. 50,
4= 9= X no. 5, pp. 734-740, May 2005.
n _x [13] Q. Ling and M. D. Lemmon, “Optimal dropout compensation in net-
L 2 Lo worked control systems,” in Proc. 42nd IEEE Conf. Decision Control,
Note that we approximate the 1-norm  of Dec. 2003, pp. 670-675. . . .
S LTIN—1 & T B [14] D. Liberzon, “A note on stabilization of linear systems using coding
(1 GK"")7'GKFy to guarantee that we can nu- and limited communication,” in Proc. 41st IEEE Conf. Decision Con-

merically compute the solution to the constrained minimization
problem.5

REFERENCES

[1] J. Baillieul, “Feedback coding for information-based control: Oper-
ating near the data-rate limit,” in Proc. 41st IEEE Conf. Decision Con-
trol, Dec. 2002, pp. 3229-3236.

[2] G. J. Balas, J. C. Doyle, K. Glover, A. Packard, and R. Smith,
pt-analysis and synthesis toolbox The MathWorks, Inc., Natick,
MA, 1993.

[3] W. S. Wong and R. Brockett, “Systems with finite communication
bandwidth constraints-I: State estimation problems,” IEEE Trans.
Autom. Control, vol. 42, no. 9, pp. 1294-1299, Sep. 1997.

[4] R. Brockett, “Quantized feedback stabilization of linear systems,”
IEEE Trans. Autom. Control, vol. 45, no. 7, pp. 1279-1289, Jul.
2000.

[5S] W. S. Wong and R. Brockett, “Systems with finite communication
bandwidth constraints-II: Stabilization with limited information feed-
back,” IEEE Trans. Autom. Control, vol. 44, no. 5, pp. 1049-1053,
May 1999.

[6] M. A. Dahleh and I. Diaz-Bobillo, Control of Uncertain Systems:
A Linear Programming Approach. Englewood Cliffs, NJ: Pren-
tice-Hall, 1995.

STo guarantee that the approximate 1-norm satisfies our stability condition,
we require a finite-sum upper bound on the 1-norm of (I — GK )~ !GK Fy,to
satisfy the condition. See [6] for details on such an upper bound.

trol, Dec. 2002, pp. 836-841.

[15] N. C. Martins, N. Elia, and M. A. Dahleh, “Stabilization of uncertain
systems in the presence of a direct link,” IEEE Trans. Autom. Control,
vol. 51, no. 3, pp. 438-447, Mar. 2006.

[16] N. C. Martins and M. A. Dahleh, “Feedback control in the presence
of noisy channels: Bode-like fundamental limitations of performance,”
IEEE Trans. Autom. Control, accepted for publication.

[17] N.C.Martins, M. A. Dahleh, and J. C. Doyle, “Fundamental limitations
of disturbance attenuation with side information,” IEEE Trans. Autom.
Control, vol. 52, no. 1, pp. 56-66, Jan. 2007.

[18] A.Megretski, “Lecture notes for 6.245: Multivariable control systems,
Q-parameterization chapter,” Massachusetts Inst. Technol., Cam-
bridge, MA, 2004.

[19] G. N. Nair and R. J. Evans, “Stabilization with data-rate-limited
feedback: Tightest attainable bounds,” Syst. Control Lett., vol. 41, pp.
49-56, 2000.

[20] G. N. Nair and R. J. Evans, “Stabilizability of stochastic linear systems
with finite feedback data rates,” SIAM J. Control Optimization, vol. 43,
no. 2, pp. 413-436, Jul. 2, 2004.

[21] A. Packard, “Gain scheduling via linear fractional transformations,”
Syst. Control Lett., vol. 22, pp. 79-92, 1994.

[22] S. Tatikonda, “Control under communication constraints,” IEEE Trans.
Autom. Control, vol. 49, no. 7, pp. 1056-1068, Jul. 2004.

[23] S. Tatikonda, A. Sahai, and S. Mitter, “Control of LQG systems under
communication constraints,” in Proc. Amer. Control Conf., Jun. 1999,
pp. 2778-2782.

[24] S. Yuksel and T. Basar, “State estimation and control for linear sys-
tems over communication networks,” in Proc. 2003 IEEE Conf. Con-
trol Appl., Jun. 2003, vol. 1, pp. 409-414.

Authorized licensed use limited to: MIT Libraries. Downloaded on December 2, 2008 at 14:41 from IEEE Xplore. Restrictions apply.



SARMA et al.: ON TIME-VARYING BIT-ALLOCATION MAINTAINING STABILITY AND PERFORMANCE: A CONVEX PARAMETERIZATION 1159

Sridevi V. Sarma (M’07) received the B.S. (1994)
from Cornell University and the M.S. (1997) and
Ph.D. degrees (2006) from Massachusetts Institute
of Technology in Electrical Engineering and Com-
puter Science. She is now a postdoctoral fellow
at Harvard Medical School. Her research interests
include control of constrained and defective systems
(applications in neuroscience) and large-scale opti-
mization. She is president and cofounder of Infolenz
Corporation, a Marketing Analytics company.

Dr. Sarma is a recipient of the GE faculty for the
future scholarship, a National Science Foundation graduate research fellow, a
recipient of the L’Oreal USA fellowships for Women in Science, and a recipient
of the Burroughs Wellcome Fund Careers at the Scientific Interface Award.

Munther A. Dahleh (S°84-M’87-SM’97-F’01)
was born in 1962. He received the B.S. degree from
Texas A&M University, College Station, in 1983,
and the Ph.D. degree from Rice University, Houston,
TX, in 1987, all in electrical engineering.

Since then, he has been with the Department of
Electrical Engineering and Computer Science at
MIT, where he is now a full Professor. He is inter-
ested in problems at the interface of robust control,
filtering, information theory, and computation. He
is also interested in model reduction of discrete-al-
phabet hidden Markov models, universal learning approaches for systems with
both continuous and discrete alphabets, and problems at the interface between
systems theory and neurobiology.

Srinivasa M. Salapaka (M’03) received the B.Tech.
degree from Indian Institute of Technology in 1995,
the M.S. and the Ph.D. degrees from the University
of California at Santa Barbara in 1997 and 2002
respectively in Mechanical Engineering. During
2002-2003, he was a postdoctoral associate in the
Laboratory for Information and Decision Systems
at Massachusetts Institute of Technology. In Jan-
uary 2004, he joined the Mechanical Science and
Engineering department at the University of Illinois,
Urbana-Champaign. His areas of current research

interest include nanotechnology, combinatorial resource allocation, and numer-
ical analysis of integral equations. He is the CAREER award recipient for the

Authorized licensed use limited to: MIT Libraries. Downloaded on December 2, 2008 at 14:41 from IEEE Xplore. Restrictions apply.



